In this paper, by using random fixed point index theory, some new boundary conditions based on strictly convex or strictly concave functions are established and some new theorems for the solutions of a class of random semi-closed 1-set-contractive operator equations A(ω, x) = µx are obtained, which extend and generalize some corresponding results of Wang [S. Wang, Fixed Point Theory Appl., 2011 (2011), 7 pages]. Finally, an application to a class of random nonlinear integral equations is given to illustrate the usability of the obtained results.
Introduction and preliminaries
Random nonlinear analysis is an important mathematical branch, which is mainly concerned with the study of random nonlinear operators and their properties and is widely applied in studying various classes of random differential equations and random integral equations ( [1, 6] ). In [2] , Li introduced the random fixed point index theory of random semi-closed 1-set-contractive operators. Since then, the problem of random nonlinear operators are extensively studied by using such theory (see Refs. [3, 4, 5, 7, 8, 9, 10, 11] ). In this paper, by using random fixed point index theory, some new boundary conditions based on strictly convex or strictly concave functions are established, and some new theorems for the solutions of a class of random semi-closed 1-set-contractive operator equations A(ω, x) = µx are obtained in real separable Banach spaces, which extend and generalize some corresponding results in previous literatures [7] .
In this paper, let (Ω, U, γ) be a complete probability measure space, γ(Ω) = 1. Let E be a separable real Banach space, (E, B) be a measurable space, where B denotes the σ-algebra generated by all the subsets of E, and D be a bounded open subset in E, ∂D the boundary of D in E.
Definition 1.1 ([2])
. A random continuous and bounded operator A : Ω × D → E is said to be a Evalued random semi-closed 1-set-contractive operator, if for almost all ω ∈ Ω , A(ω, ·) is a semi-closed 1-set-contractive operator in D, (if I − A is a closed operator and for every ω ∈ Ω, α(A(ω, D)) ≤ α(D), see [5] ), and for every x ∈ D, A(·, x) : Ω → E is an E-valued random operator.
Let D be a nonempty subset of R. If ϕ : D → R is a real function such that
for all x, y ∈ D, x = y, t ∈ (0, 1), then ϕ is called a strictly convex function onD.
for all x, y ∈ D, x = y, t ∈ (0, 1), then ϕ is called a strictly concave function on D.
Lemma 1.2 ([2])
. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X, and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator, such that A(ω, x) = αx for all (ω, x) ∈ Ω × ∂D, and α > µ, where µ ≥ 1. Then random operator equations A(ω, x) = µx has a random solution in D.
Main results
Theorem 2.1. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist a strictly convex function ϕ : R + −→ R + with ϕ(0) = 0 and a real function φ : R + −→ R + with φ(t) ≥ 1 for all t > 1, such that
Proof. By Lemma 1.2, we only need to prove that A(ω, x) = αx, ∀(ω, x) ∈ Ω × ∂D, α > µ, where µ ≥ 1. Suppose this is not true. Then there exists (ω 0 , x 0 ) ∈ Ω × ∂D and
which implies that
By the strict convexity of ϕ and ϕ(0) = 0, A(ω 0 , x 0 ) = θ, we obtain
It is easy to see from (2.2)and(2.3),
However, since α 0 > µ ≥ 1, we have 1 + α 0 µ −1 > 1, and thus φ(
, which is a contradiction. It follows from Lemma 1.2 that random operator equations A(ω, x) = µx(µ ≥ 1) has a random solution in D.
Remark 2.2. If there exist a convex function ϕ : R + → R + , with ϕ(0) = 0 and a real function φ : R + → R + , with φ(t) > 1, for all t > 1 satisfying (2.1), the conclusion of Theorem2.1 also hold. Corollary 2.3. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist α ∈ (−∞, 0) ∪ (1, +∞) and β ≥ 0, such that
Proof. Let ϕ(t) = t α , φ(t) = t β . Then ϕ(t) is a strictly convex function with ϕ(0) = 0 and φ(t) ≥ 1 for all t > 1 . Therefore, by Theorem 2.1, the conclusions follows immediately. Theorem 2.5. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X, and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist a strictly concave function ϕ : R + −→ R + with ϕ(0) = 0 and a real function φ : R + −→ R + with φ(t) ≤ 1 for all t > 1, such that
Proof. By Lemma 1.2, we only need to prove that A(ω, x) = αx, ∀(ω, x) ∈ Ω × ∂D, α > µ, where µ ≥ 1. Suppose this is not true. Then there exist (ω 0 , x 0 ) ∈ Ω × ∂D and
By the strict concavity of ϕ and ϕ(0) = 0, we obtain
It is easy to see from (2.5) and (2.6) that
However, since α 0 > µ ≥ 1, we have α 0 µ −1 + 1 > 1 and thus φ(
Remark 2.6. If there exist a concave function ϕ : R + → R + with ϕ(0) = 0 and a real function φ : R + → R + , with φ(t) < 1 for all t > 1 satisfying (2.4), the conclusion of Theorem 2.5 also hold.
Corollary 2.7. Let E be a separable real Banach space,X be a closed convex subset of E, D be a bounded open subset in X and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), for all ω ∈ Ω, where λ 1 ≥ λ 2 > 0. Moreover, if there exist α ∈ (0, 1) and β ≤ 0, such that
Proof. Let ϕ(t) = t α , φ(t) = t β . Then ϕ(t) is a strictly convex function with φ(t) ≥ 1 for all t > 1 and ϕ(0) = 0. Therefore, by Theorem 2.5, the conclusion follows immediately.
Theorem 2.8. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist a strictly convex function ϕ : R + −→ R + with ϕ(0) = 0 and a real function φ : R + −→ R + with φ(t) ≥ 1 for all t > 1, such that
for all (ω, x) ∈ Ω × ∂D, where λ 2 ≥ λ 1 > 0. Then random operator equations A(ω, x) = µx(µ ≥ 1) has a random solution in D.
Proof. By Lemma 1.2, we only need to prove that A(ω, x) = αx, ∀(ω, x) ∈ Ω × ∂D, α > µ ≥ 1. Suppose this is not true. Then there exists (ω 0 , x 0 ) ∈ Ω × ∂D and α 0 > µ ≥ 1, such that A(ω 0 , x 0 ) = α 0 x 0 , i.e.,
By the strict convexity of ϕ and ϕ(0) = 0, we obtain
It is easy to see from (2.8) and (2.9) that
However, since α 0 > µ ≥ 1, we have α 0 µ −1 ≥ 1, and thus φ(
, which is a contradiction. Therefore, it follows from Lemma 1.2 that random operator equations A(ω, x) = µx(µ ≥ 1) has a random solution in D.
Remark 2.9. If there exist a convex function ϕ : R + → R + with ϕ(0) = 0 and a real function φ : R + → R + with φ(t) > 1 for all t > 1 satisfying (2.7), the conclusion of Theorem 2.8 also hold.
Corollary 2.10. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist α ∈ (−∞, 0] ∪ [1, +∞) and β > 0, such that
Proof. Let ϕ(t) = t α , φ(t) = t β . Then ϕ(t) is a convex function with ϕ(0) = 0 and φ(t) > 1 for all t > 1. Therefore, by theorem 2.8, the conclusion follows immediately.
Remark 2.11. Letting µ = 1 and λ 1 = λ 2 = 1 in Corollary 2.10, A(ω, ·) = A, we can obtain Theorem 2.17 of [7] .
Theorem 2.12. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded open subset in X, and θ ∈ D. Suppose that A : Ω × D → X is a random semi-closed 1-set-contractive operator, and θ / ∈ A(ω, ∂D), ∀ω ∈ Ω. Moreover, if there exist a strictly concave function ϕ : R + −→ R + with ϕ(0) = 0 and a real function φ : R + −→ R + with φ(t) ≤ 1 for all t > 1, such that
for all (ω, x) ∈ Ω × ∂D, where 0 < λ 2 ≤ λ 1 . Then random operator equations A(ω, x) = µx has a random solution in D.
Proof. By Lemma 1.2, we only need to prove that A(ω, x) = αx, ∀(ω, x) ∈ Ω × ∂D, α > µ ≥ 1. Suppose this is not true. Then there exist (ω 0 , x 0 ) ∈ Ω × ∂D and α 0 > µ ≥ 1 such that A(ω 0 , x 0 ) = α 0 x 0 , i.e., x 0 = α It is easy to see from (2.11) and (2.12) that λ 2 ϕ( A(ω 0 , x 0 ) )φ(α 0 µ −1 ) > λ 1 ϕ( A(ω 0 , x 0 ) ).
